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Ñõåìà ïåðåìåííûõ íàïðàâëåíèé
äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè â ïðÿìîóãîëüíîé

îáëàñòè

Íåîáõîäèìî ðåøèòü ñëåäóþùóþ çàäà÷ó:

∂U

∂t
= ∆U + xt2 sin y , 0 < x < 1 , 0 < y <

π

2
, 0 < t < T (1)
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∂x

∣∣∣
x=0

=
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∂x

∣∣∣
x=1

= 0 (2)

U
∣∣∣
y=0

=
∂U

∂y

∣∣∣
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2

= 0 (3)

U
∣∣∣
t=0

= 0 (4)

Ïåðâûì øàãîì åå ÷èñëåííîãî ðåøåíèÿ ÿâëÿåòñÿ ââåäåíèå ðàâíîìåðíîå ñåòêè
â ïðÿìîóãîëüíîé îáëàñòè
G = {(x, y); 0 < x < 1 , 0 < y < π

2 };
xn = nhx, n = 0, 1, 2...N ;
ym = mhy, m = 0, 1, 2...M ;
Áóäåì ðàññìàòðèâàòü ñåòî÷íûå ôóíêöèè U jm,n Âîñïîëüçóåìñÿ ìåòîäîì ïåðåìåííûõ
íàïðàâëåíèé, ÷òîáû ðåøèòü ÷èñëåííî çàäà÷ó.
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Figure 1: Ñõåìà ïåðåìåííûõ íàïðàâëåíèé

Ïåðåõîä ñ îäíîãî ñëîÿ ïî âðåìåíè íà äðóãîé äåëàåòñÿ ÷åðåç ïðîìåæóòî÷íûé
ñëîé. Çàïèøåì ðàçíîñòíóþ àïðîêñèìàöèþ ïðè ïåðåõîäå ñ j ñëîÿ íà ïðîìåæóòî÷íûé
j+0.5.

U j+0.5
m,n − U jm,n

dt
2

=
U jm,n−1 − 2U jm,n + U jm,n+1

h2x
+
U j+0.5
m−1,n − 2U j+0.5

m,n + U j+0.5
m+1,n

h2y
+f j+0.5

m,n ;

(5)
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À òàê æå ñ ïðîìåæóòî÷íîãî ñëîÿ íà j+1.

U j+1
m,n − U j+0.5

m,n

dt
2

=
U j+1
m,n−1 − 2U j+1

m,n + U j+1
m,n+1

h2x
+
U j+0.5
m−1,n − 2U j+0.5

m,n + U j+0.5
m+1,n

h2y
+f j+0.5

m,n ;

(6)
Ãäå ôóíêöèÿ f jm,n = xt2 sin y = hxn(dtj)

2 sin (hym);
Ïåðåõîä ñ j ñëîÿ íà ïðîìåæóòî÷íûé (j+0.5) ïðîâîäèòüñÿ ñ ïîìîùüþ ïðîãîíêè
ïî y. Äëÿ ýòîãî ðàçíîñòíóþ àïðîêñèìàöèþ íåîáõîäèìî ïðåäñòàâèòü â âèäå:

AmU
j+0.5
m−1 − CmU j+0.5

m +BmU
j+0.5
m+1 + Fm = 0; (7)

Èíäåêñ n îïóùåí, ïîòîìó ÷òî îí âåçäå èìååò îäíî çíà÷åíèå. Äîìíîæèâ
óðàâíåíèå (5) íà dt/2 è ïðèâåäÿ ïîäîáíûå ÷ëåíû ïîëó÷èì:

Am =
dt

2h2y
;

Cm = 1 +
dt

h2y
;

Bm =
dt

2h2y
;

Fm =
dt

2h2x
(U jm,n−1 + U jm,n+1) +

dtf j+0.5
m,n

2
+ (1− dt

2h2x
)U jm,n; (8)

Ïðèíèìàÿ ñâÿçü ìåæäó çíà÷åíèÿìè ñîñåäíèõ ñåòî÷íûõ ôóíêöèé â âèäå:

Um = αm+1Um+1 + βm+1; (9)

À òàêæå èñïîëüçóÿ óðàâíåíèå (7) ïîëó÷èì ñâÿçü ìåæäó ñîñåäíèìè α è β

αm+1 =
Bm

Cm −Amαm
; βm+1 =

Amβm+ Fm
Cm −Amαm

(10)

Èç ãðàíè÷íûõ óñëîâèé íàõîäèì α1 è β1.

U
∣∣∣
y=0

= 0; (11)

Î÷åâèäíî, ÷òî α1 = 0 è β1 = 0. Äàëåå íàõîäèì ïîäðÿä âñå îñòàëüíûå αm è
βm.
Ïîñëå ýòîãî çíàÿ ãðàíè÷íîå óñëîâèå íà äðóãîì êîíöå è ðàçíîñòíóþ àïðîêñèìàöèþ
ïðîèçâîäíîé âòîðîãî ïîðÿäêà òî÷íîñòè (12) íàõîäèì(13):

∂U

∂y

∣∣∣
y=π

2

=
4UM−1 − 3UM − UM−2

−2hy
= 0; (12)

UM =
αM−1βM + βM−1 − 4βM
4αM − 3− αM−1αM

; (13)
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Äàëåå èñïîëüçóÿ (9) âû÷èñëÿåì îñòàëüíûå Um Ïðè ýòîì óçëîâûå ôóíêöèè
ñ n = 0 è n = N ìîãóò áûòü îïðåäåëåíû èç ãðàíè÷íûõ óñëîâèé (14).

∂U

∂x

∣∣∣
x=0

=
4U1 − 3U0 − U2

2hx
= 0;

∂U

∂x

∣∣∣
x=1

=
4UN−1 − 3UN − UN−2

−2hx
= 0;

(14)

È âû÷èñëåíû ïî ôîðìóëàì (15).

U0 =
4U1 − U2

3
;

UN =
4UN−1 − UN−2

3
;

(15)

Ïåðåõîä ñ ïðîìåæóòî÷íîãî ñëîÿ íà j+1 ïðîèñõîäèò àíàëîãè÷íî, êðîìå ôîðìóëû
F è îäíîãî ãðàíè÷íîãî óñëîâèÿ.

Fn =
dt

2h2y
(U j+0.5

m−1,n + U j+0.5
m+1,n) +

dtf j+0.5
m,n

2
+ (1− dt

2h2y
)U j+0.5

m,n ; (16)

α1 = 2− (1 +
h2y
dt

);

β1 =
Fnh

2
y

dt
;

(17)

Äàííàÿ íåÿâíàÿ ñõåìà èìååò òî÷íîñòü O(τ2 + |h|2) è áåçóñëîâíî óñòîé÷èâà.
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Figure 2: T=0, dt=0.01
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Figure 3: T=0.2, dt=0.01
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Figure 4: T=0.5, dt=0.01
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Figure 5: T=1, dt=0.01
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Figure 6: T=2, dt=0.01
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Figure 7: T=20, dt=0.01
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Figure 8: T=5, dt=0.1
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Figure 9: T=5, dt=0.01
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Figure 10: T=5, dt=0.001
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