
PHYSICAL REVIEW E, VOLUME 63, 026607
Chemical reaction-diffusion implementation of finding the shortest paths in a labyrinth

N. G. Rambidi* and D. Yakovenchuk
Physics Department, Moscow State University, Moscow, Russia

~Received 20 July 2000; published 23 January 2001!

An experimental technique for finding the shortest paths in a labyrinth is elaborated on based on chemical
reaction-diffusion media. The system designed has hybrid architecture that combines an information-
processing reaction-diffusion medium performing operations of high computational complexity with a digital
computer carrying out supplementary operations. Two principal points are assumed as a basis for this design.
They are the following: a light-sensitive Belousov-Zhabotinsky-type reagent chosen as a reaction-diffusion
medium that offers the opportunity to simulate a labyrinth and spread wave evolution by its images stored in
the medium; fast light-induced phase wave processes that spread through the labyrinth in seconds instead of the
dozens of minutes typical of trigger waves inherent in reaction-diffusion media. Images of consecutive wave-
spreading steps are stored in the memory of a digital computer. These images are used to determine the shortest
paths based on the additional procedure of testing for the connectedness of labyrinth fragments.

DOI: 10.1103/PhysRevE.63.026607 PACS number~s!: 03.50.2z, 07.05.Bx, 07.05.Pj, 05.45.2a
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I. INTRODUCTION

Nonlinear reaction-diffusion media comprise some of
more promising embodiments of parallel and distribu
computing. Early theoretical considerations on t
information-processing capabilities of these media~see, for
instance,@1–4#! were launched in the late eighties. Almo
simultaneously, numerical calculations@5–8# showed that
reaction-diffusion systems seemed to be an effective too
solving problems of high computational complexity. The d
cisive step towards experimental implementation of
information-processing capabilities inherent in these me
was made by Kuhnertet al. @9–11#, who proposed using the
light-sensitive reaction-diffusion media of Belouso
Zhabotinsky type. These media proved to be effective for
investigation of image-processing operations~see @12# and
references therein!.

Given its information-processing aspects, the nonlin
chemical reaction-diffusion medium could be regarded a
highly parallel multiprocessor system. Pseudoflat version
these systems~thin flat layers of Belousov-Zhabotinsky re
agent! are similar in their architecture and capabilities to d
tributed Grossberg-type neural networks having lateral c
nections @12,13#. It is desirable, therefore, to look fo
methods for effectively solving other problems of high co
putational complexity based on reaction-diffusion med
The most promising is the problem of finding the short
paths in a labyrinth.

II. SEVERAL REMARKS ON THE PROBLEM OF
FINDING THE SHORTEST PATHS IN A LABYRINTH

The problem of searching for a path in a labyrinth det
mined by certain conditions specifically initiated by biolog
cal information processing is one of the most well know
contemporary problems of high computational complex
There has been a variety of attempts to find effective al
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rithms for solving this problem~see, for instance,@14# and
references therein!. A labyrinth could be considered an ob
ject whose topological properties are associated with a
nitely oriented graph. This means that the object should
composed of arbitrary number of vertices and edges conn
ing them. Let us divide the vertices into four types: starti
points that are entrances into the labyrinth~the power of the
vertex is equal to 1!, intermediate points~vertex power>2!,
deadlocks and target points~the vertex power equal to 1!.

The simplest in their structure graphs are trees@Fig. 1~a!#.
They have one starting point and arbitrary numbers
branches and target points. Multigraphs containing cyc
combinations of edges are more complicated@Fig. 1~b!#. In
this case at least two routes might be found between cho
starting and target points. Proposals to use reaction-diffus
media for solving labyrinth problems have been extensiv
discussed over the last decade and a half~see, for instance
@14–20#!. Extremely high parallelism of reaction-diffusio
dynamics was the gist of these proposals. The most imp
tant of them was experimental work by Steinbock, Toth, a
Showalter@17#, who investigated navigating a complex lab
rinth based on the trigger-wave processes of the Belous
Zhabotinsky media. Regrettably, conclusions on the pract
applicability of these reaction-diffusion systems were pes
mistic @18# because of the very low velocity of trigger wave
in these media.

This paper is an attempt to show that~a! known light-
sensitive reaction-diffusion media of Belousov-Zhabotins
type can be effectively used nowadays to solve at le
simple labyrinth problems, and~b! the effective technique
could be applied to finding the shortest paths in a labyri
on the basis of information on consecutive steps of wa
spreading through the labyrinth.

The basic features of the approach used were discu
earlier @21# based on primitive labyrinth structure. Its app
cation for finding paths in complicated labyrinth structur
based on improved techniques for data interpretation will
considered in detail below.

III. FUNDAMENTALS OF THE APPROACH

Three principal points were assumed in our technique
finding the shortest paths in a labyrinth.
ic
©2001 The American Physical Society07-1
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~i! The information-processing system based on react
diffusion mechanisms and capable of solving labyrinth pr
lems should be of hybrid type. It should be a combination
reaction-diffusion medium with a universal digital compute
This architecture makes it possible to effectively perfo
operations of high computational complexity~parallel
spreading of a wave along all pathways of the labyrin
etc.!, together with fast digital processing of intermedia
data. Let us make some remarks important in understan
how to design an effective computational procedure for fi
ing paths in a labyrinth. Given the computational charac
of the procedure, the labyrinth should be stored in mem
as an image~in the simplest case, as a black and white i
age, for instance, a black representation of the labyrinth o
white background!. The starting point of a labyrinth shoul
be defined, and a procedure designed, such as to allow
opportunity to record consecutive steps of the wave spre
ing to the computer memory. When the wave spreads al
the path of the labyrinth, the black color of the labyrinth pa
changes to the color of the background. More-or-less sop
ticated procedures could be developed that enable on
follow the wave front and to determine the point where t
black labyrinth path would disappear. These points should
deadlocks or target points. However, there is no possib

FIG. 1. Labyrinth structures of different complexity.A—simple
tree-type labyrinth;B—tree-type labyrinth containing cycles~filled
with gray color!, C—complicated labyrinth containing cycles an
arbitrary numbers of starting and target points.
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of distinguishing between them. Therefore, a starting po
and target points should be defined so as to find paths
labyrinth. The starting point and target points should
known. Suppose that a trigger wave spreads along the la
rinth beginning from its starting point. Eventually the wav
would reach the target point nearest to the starting po
After that, other target points would be successively de
mined. It is easy to see that only relativelengthsof the paths
could be determined, not the paths themselves. This sh
the principal feature of the computational procedure for fin
ing paths in a labyrinth based on wave processes inhere
nonlinear reaction-diffusion media. The spreading of t
wave through a labyrinth is a parallel operation of high co
putational complexity. A reaction-diffusion medium is c
pable of performing this operation effectively, and conse
tive steps could be stored in the memory of a digi
computing system. It will be shown below that the comp
tational digital procedure for low computational complexi
can be extended to find paths in a labyrinth, based on
data stored in the computer memory that describe w
spreading through the labyrinth.

~ii ! The most important problem involves storing a lab
rinth of arbitrary structure in the reaction-diffusion mediu
for further processing. Steinbock, Toth, and Showalter@17#
solved this problem by cutting out rectangular regions of
membrane where a ferroin catalyst was immobilized. T
procedure allowed the realization of a variety of geometr
and provided an effective two-dimensional system. Ste
bock, Kettunen, and Showalter@22,23# prepared the reaction
diffusion system by imprinting the image of an object on t
surface of a membrane, using a solution of Belous
Zhabotinsky catalyst instead of ink. However, these meth
are not good enough for a computing device that should
capable of rapidly reorganizing labyrinth images in t
course of its processing and of changing labyrinths of diff
ent structures~see below!. The light-sensitive Belousov
Zhabotinsky-type reagent seems to be one of the most
able media for solving labyrinth problems because the
feature of light-sensitive excitable media is that they st
input information for a rather long period of time@12#. The
initial labyrinth image and steps in its further transformati
in the medium can be detected by a video camera and st
in the memory of a digital computer.

~iii ! The main and decisive issue of the problem und
consideration is how to organize a wave process capabl
spreading in a parallel mode through all possible paths o
labyrinth. Two kinds of traveling processes inherent
reaction-diffusion systems are known@24,25#. The first of
these represents propagation of trigger waves due to the
teraction of chemical reaction and diffusion of reaction co
ponents. The velocity of the trigger waves is very lo
~;0.05 mm/s!. The second of these, the so-called pha
waves, propagate independently of diffusion along a ph
gradient in an oscillatory medium. The phase waves are f
but regretably they do not transport information. The imp
tant point is that control of Ru-based Belousov-Zhabotins
dynamics through light radiation could be used to organiz
wave process moving along a labyrinth.

The actual picture projected on the surface of the med
7-2
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CHEMICAL REACTION-DIFFUSION IMPLEMENTATION . . . PHYSICAL REVIEW E63 026607
is a combination of the chosen black and white image~initial
labyrinth image! and arbitrary halftone diffuse light back
ground produced by the optical system. If the backgroun
uniform, the input image emerges simultaneously at
points in the medium and changes simultaneously at
points in the process of its evolution from one state to
other. Otherwise, if the background is not uniform an ad
tional uncontrolled light component adds to the input ima
and the process of the image emergence becomes more
plicated. The dynamics of the Belousov-Zhabotinsky re
tion is controlled by a concentration of Br2 ions produced
during the photochemical process initiated by light radiati
Therefore, the moment of image emergence at some poi
the medium and the beginning of image evolution at t
point is determined by the total exposure produced by
initial image and uncontrolled nonuniform background. Th
effect is seen in the experiment as additional waves spr
ing along the gradient of the uncontrolled background.

Let us design a nonuniform background that decrea
monotonically from some starting point to some target po
If this background is projected on the layer of Ru-bas
Belousov-Zhabotinsky reagent, the information on charac
istics of the background is introduced into the medium. It
stored as a distribution of the reaction components (Br2 con-
centrations!. In the process of image evolution in the m
dium, the darkest points of the background emerge first,
lowed by all other points where concentrations of the B2

ions are less dense. This process generates a light-ind
phase wave. This wave does not transport information
cause the information was previously introduced into the m
dium at all points between the starting and target points. T
wave makes information visible, transforming it from spat
into temporal form.

Let the self-oscillating mode of the Ru-based Belous
Zhabotinsky reaction be chosen suitable for solving the la
rinth problem when negative and positive images of the in
image alternate in a process of temporal image evolut
Suppose also that the quality of the optical system is h
enough and the amount of uncontrolled background neg
bly small. In this case, both the negative and positive ima
of the input image emerge simultaneously at all their poi
during the process of image evolution.

Let a controlled nonuniform background of some pred
termined shape be superimposed on an initial labyrinth
age~see Fig. 2! and that this combined image is used inste
of the initial image. Then a light-induced phase wave co
trolled by the shape of the background will spread along
paths of the labyrinth. The shape of the background sho
be chosen so as to make the time of the wave spreading
than a lifetime of the labyrinth negative image in the m
dium. This process could be recorded by a video system
its successive realizations could serve as initial data for fi
ing paths in the labyrinth.

IV. EXPERIMENT TECHNIQUE

The experiment setup@26# is shown in Fig. 3. The prin-
cipal feature of this setup is the computer controlled Sa
PLC-510M LCD video projector~VGA-compatible, 270
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ANSI lumens!. A high level of uniformity of the background
intensity of this projector improved the reliability of the ex
periment. At the same time, the computer-controlled proj
tor was indispensable in the extension of the technique
finding the shortest paths in complex labyrinths~see below!.

The reaction-diffusion medium was a thin~0.5–1.5-mm!
flat, nonstirred reagent layer placed in a reaction vesse
which a spatiotemporal oscillating process was proceed
The initial concentrations of the reagent components w
KBrO3 (0.3 M!,H2SO4 (0.5 M), malonic acid~0.2 M!, KBr
~0.05 M!.

Light-sensitive catalyst Ru~bpy!3Cl2 was immobilized on
the surface of the solid support placed at the bottom of
reaction vessel. SILUFOL UV254 plates for thin layer liqu
chromatography were used. They were placed i

FIG. 2. Initial labyrinth image~I!, a nonuniform background
superimposed on the initial labyrinth image~IW!, and the first
stages of labyrinth evolution in the Belousov-Zhabitinsky-ty
reaction-diffusion medium~L1–L3!.

FIG. 3. Principal setup scheme for finding the shortest path
labyrinth.
7-3
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N. G. RAMBIDI AND D. YAKOVENCHUK PHYSICAL REVIEW E 63 026607
;0.0001-M solution of the catalyst for a half an hour
immobilize the catalyst. An oscillatory dynamic mode wi
negative and positive image alternation proved to be the
timum one for solving labyrinth problems.

An excitation of a thin planar layer of the medium b
light radiation was used for the input of initial information
The direction of radiation flow was normal to the surface
the medium. The distribution of light intensity on the surfa
~that is, an image of the labyrinth under processing! deter-
mined the initial image stored in the medium.

It was easy to extract information from the medium
illuminating it with white light over 15–30 s.

V. PROCEDURE FOR FINDING THE SHORTEST PATHS
IN A LABYRINTH

The procedure for finding the shortest paths in a labyri
consisted of two basic stages. The first of these was exc
the phase wave at a chosen point of the labyrinth and rec
ing consecutive steps of the wave spreading through
labyrinth. The images of the labyrinth corresponding to th
steps were stored in the computer memory. The second s
was numerical processing of these images to determine
shortest path between starting and target points of the la
rinth.

Let us begin our discussion of the technique starting w
the case of the simplest linear-tree-like labyrinth having o
starting point and several target points. The initial labyrin
picture is shown in Fig. 4.

Let a predetermined nonuniform and monotonically d
creasing background be superimposed at a chosen poi
the initial labyrinth image. After projecting this combine
image onto the surface of the Belousov-Zhabotinsky reag
its negative image appears in the medium. At the incept
an image of the initial labyrinth emerges~black image on
white background!. After that, a spreading wave appea
changing black color to background color along the labyri
pathway.

The spreading time of this wave through the labyrin
depends on the slope of the superimposed background in
sity. It is easy to make it rather small~about 3–5 s! and
shorter than the lifetime of the negative image state in
process of its evolution in the medium from negative to po
tive state. The wave spreading in the labyrinth beginning
the starting point of the labyrinth to its target points is sho
in Fig. 4. Since this process is taking place over the cours
about 3–5 s, it is easy to record consecutive steps of
spreading with a video camera and store these records in
computer’s memory. Some of these records are show
Fig. 4.

The search for the shortest path from the starting poin
the target point was performed using numerical image p
cessing of stored records. Proposals on how to use w
propagation through a labyrinth to find the shortest paths
known @18–20# ~see also references in@20#!.

In the process of wave spreading when the wave pa
over a branching point the labyrinth is divided into two~or
more! fragments~see Fig. 5!. One of these is connected t
the output, but the other one is not. It is easy to find
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fragment connected to a target point of the labyrinth if
backward wave is initiated in the medium at this point. As
result, fragments connected to a target point change t
color ~from black to the color of labyrinth background! while
the color of the nonconnected fragment remains unchan

If the complexity of the labyrinth is not too high, it is
possible to change this auxiliary reaction-diffusion proce

FIG. 4. Finding the shortest path in a simple tree-type labyrin
L0 is an initial image of the labyrinth in the Belousov-Zhabotinsk
type medium, L1–L4 are some consecutive steps in its evolu
during the process of wave spreading, LF is the image of the sh
est path in the labyrinth, L0-1 is the pathway that the wave
taken during the first step of its spreading, L1-1 is the result
paint-bucket operations for the L1 image, L1-2 presents the re
following subtraction of nonconnected with target point parts fro
the L1 image~see details in text!.

FIG. 5. Basic steps in the procedures for finding the shor
paths in a labyrinth.A—wave propagation;B—check for connect-
edness;C—removal of deadlocks~subtraction ofB from A!.
7-4
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by numerical processing of the images of the labyrinth sto
in the memory of the computer, specifically, to use the filli
of black fragments by the background color~paint-bucket
operation! initiated at the target point of the labyrinth. Su
tracting the image obtained after paint-bucket operation fr
the initial labyrinth image makes it possible to remove t
fragment not connected with the output~Fig. 5!

All image-processing operations used for the implem
tation of the procedure discussed can be effectively p
formed using Adobe Photoshop 5.0 software.

Successive repetition of this procedure at every branch
point allows the opportunity to exclude all blind channe
~and paths to other possible target points! and to determine
the path from the starting to the target point.

Let us make two important remarks concerning the p
cedure suitable for finding the shortest paths in linear-tr
like labyrinths. First, the advantage of this procedure is t
there is no need to determine the position of the branch
point with a human being as an operator. The shortest p
can be found in this case as a result of reiterated steps
consecutively process records of the wave spreading.

The sequence of operations for each step is the follow
~suppose that processing of the records begins from the
L1; see Fig. 4!.

~a! Subtracting record L1 from the initial image of th
labyrinth L0 to determine the pathway that the wave h
taken from inception to the considered points of wa
spreading~L0-1!;

~b! filling fragments of L1 connected with a target poi
with background color~L1-1!;

~c! subtracting L1-1 from L1, that is, rejecting parts n
connected to a target point~L1-2; note that subtraction o
some fragment from the background intensity should co
spond to the zero level of intensity!;

~d! adding L0-1 and L1-2 to determine the running ima
of the labyrinth~L0-1! to be used at the next step instead
L0;

~e! changing L0 to L0-1.
The results of the operations corresponding to every s

which is the running image of the labyrinth at the step co
sidered would be~1! the same as the running image of t
labyrinth at the previous step if the wave did not pass ove
branching point;~2! a changed running image, where som
parts of the labyrinth are rejected if the wave has passed
a branching point.

The second important remark is that changing the ba
ward wave through paint-bucket operation to determine
parts of the labyrinth not connected to a target point is
correct because paint-bucket operation is not parallel. H
ever, it is possible to use it if the complexity of the labyrin
is not very high and the time of labyrinth processing is n
too long.

The procedure discussed is simple and effective in
case of linear-tree-like labyrinths where all possible pa
ways from the starting point to the target points have nea
the same directions as the direction of the wave spreadi

In general, however, this procedure should be modifi
because light-induced phase waves spread along the gra
of the background intensity, not along the pathway of
02660
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labyrinth, which can significantly change its direction.
Changes in the procedure offered allow the opportunity

use its basic principles and to evolve a technique suitable
even complicated labyrinths.

This step-by-step technique is based on dividing the la
rinth into linear-tree-like parts and on reiterative process
of each of them. Each individual step of the technique c
sists of the following operations.

~1! determining the labyrinth pathway direction at a ch
sen starting point;

~2! exciting a phase wave at a chosen starting point t
would spread along the gradient of the background intens
which coincides in this case with the labyrinth pathway
rection, and recording consecutive steps of the spread
path;

~3! rejecting possible blind pathways;
~4! determining the pathway turning points.
Each step ends at the pathway turning point, which

further considered as the starting point for the next step.
The most important operation of this step-by-step te

nique is the determination of the pathway turning points. T
results shown below were obtained by using visual contro
the process of finding paths in a labyrinth. At the same tim
algorithms can be offered for the implementation of th
technique. A computerized version that involves carrying
the step-by-step procedure without a human being as an
erator is in progress now and will be published elsewhe
Let us mention as well that the main idea of moving step
step along a labyrinth pathway is analogous to a numeri
simulation approach successfully developed by Munuz
and Chua@21# to find the shortest paths in an arbitrary com
plex labyrinth. An example of finding the shortest path in
labyrinth based on the technique discussed is shown in
6.

The most important feature of this case is that the la
rinth under investigation is of multigraph type, containing
cyclic combination of edges. Therefore, the path betwe
starting and target points contains, after using the step
step technique, some part of this cycle~see Fig. 6, LF1!.
However, this part of the cycle disappears~see Fig. 6, LF2! if

FIG. 6. Finding the shortest path in an arbitrary labyrinth. L0
the initial image of the labyrinth in the Belousov-Zhabotinsky-ty
medium, A shows the stages of its evolution, LF1 and LF2 a
images of the shortest paths~see details in text!, B shows the results
of paint-bucket operations.
7-5
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the step-by-step technique is used repeatedly, taking
shortest path obtained~Fig. 6, LF1! as the new labyrinth.

VI. SOME CONCLUDING REMARKS

There are several important problems in the practi
implementation of our technique and in estimating its e
ciency. The main operational feature of the Ru-bas
Belousov-Zhabotinsky system is that it is highly sensitive
small variations in experimental conditions. The quality
the optical system used for the input of initial data shou
therefore be high. Moreover, the reaction vessel should
thoroughly protected from outside light radiation.

The most important condition determining the quality
the images produced by the Belousov-Zhabotinsky med
is the invariance of the thickness of the medium layer at
points. Two methods of medium formation satisfying th
condition were described in@26#.

The first of these was the use of a uniform layer of po
acrylamide gel saturated with Belousov-Zhabotinsky
agent. The second, used in this study, was the formation
pseudo-two-level system. The catalyst in this system is
mobilized on the surface of a solid support~a thin layer of
silica gel!. All other reaction components are in the liqu
phase and the reaction itself proceeds at the boundary o
phases.

Let us note in addition that the Ru-based Belouso
Zhabotinsky reaction has a serious drawback, which is
optical density variations in the course of reaction are
small in comparison with ferroin-catalyzed reactions. As
consequence, the reliability of the technique decreases
cause the quality of the images recorded by a video came
inferior. To avoid this drawback, a small concentration
02660
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ferroin catalyst was immobilized additionally on the surfa
of the support after immobilization of the Ru catalyst. Th
made it possible to sufficiently increase the optical density
the images and to use photochemical input of the initial da

Let us make some remarks on the efficiency of the te
nique discussed above.

When a wave goes over a branching point, some par
the labyrinth is removed as a result of the procedure us
the more complicated the labyrinth, the bigger the parts t
are rejected in the process of finding the shortest pa
Therefore, the remarkable feature of the technique offere
that its efficiency level becomes higher if the complexity
the labyrinth increases. The step-by-step procedure sig
cantly increases the time necessary to find the shortest p
in a labyrinth. The efficiency of the procedure depends
the operational time of the reaction-diffusion medium and
the number of labyrinth turning points in this case. Nev
theless, it is sufficiently higher than the efficiency of proc
dures using trigger waves@17,18#. The time necessary fo
processing a labyrinth of average complexity is about 5 m
assuming the cycle time of the medium to be about 40 s. T
time is shorter by one order of magnitude in comparison w
the time of the trigger-wave procedure@17#.

Another important feature of this procedure is that t
operational time is linear with respect to the number of
labyrinth pathway turning points.
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